This paper presents a novel design method for determining the PID gains of a speed controller for a servo system compensating variations in bandwidth at a low speed. The variations in bandwidth of a speed controller are measured at a low speed and the relationship between the bandwidth and the damping ratio are verified by determining the location of the closed loop pole. The proposed algorithm uses the z-transform of a plant and speed controller and applies the time-varying sampling method for determining the PID gains of the speed controller at low speed. The magnitude and the phase condition are considered for finding a suitable control gain. The usefulness and effectiveness of the proposed method is demonstrated through experimental results such as low speed control and robust disturbance responses.
I. INTRODUCTION
A PI (Proportional and Integral) controller is generally used as a method for speed control of motor drives in industrial servo systems. The P and I gains are determined by various factors such as the motor inertia, the torque constant and the bandwidth of the speed controller.
If the motor drive uses an incremental encoder as a position sensor and the rotor speed is calculated by the M/T method, the time delay in the speed control loop increases and the bandwidth of the speed controller decreases when the motor is controlled at a very low speed. This means the encoder pulse is detected less than 1 time per sampling period. The constant control gains in the low speed region decreases the control performance.
Conventional studies on the control of motors at low speed use an estimation of speed [1] , [2] , load torque and inertia [3] or a Kalman filter [4] . These methods focus on an additional algorithm for the improvement of control performance at low speed. However, these algorithms don't consider the performance improvement of the speed controller itself at low speed.
This paper proposes a novel method for determining the PID gains according to the variations in speed control bandwidth at low speed. The variations in speed control bandwidth at low speed are measured and the relation between the bandwidth The proposed algorithm uses a z-transform of the motor drive and applies the time-varying sampling method. The proper PID gains at low speed are determined by applying the magnitude and the phase condition in the z-domain. The experimental results verify the improved response and robustness of the proposed method at low speed.
II. PID TUNING IN LOW SPEED COMPENSATION VARIATION OF CONTROL BANDWIDTH
A. Analysis of the time delay at low speed
The M/T method is one of the most commonly used algorithms for speed measurement of servo motors [5] . The speed is calculated by counting the pulses of the incremental encoder and the internal timer of the microprocessor.
However, if the servo motor is controlled at a very low speed, no pulses from the encoder are injected to the controller during one sampling period. In this case, the time of the speed measurement is delayed and it decreases the bandwidth of the speed controller.
For example, assume that a 3600 pulse incremental encoder is used for a servo drive system and the sampling period of speed controller is 1 [msec] . If the servo motor is controlled at less than 16 [rpm] , no pulses are generated from the encoder during 1 cycle of the speed control.
In this case, the time delay of the speed measurement can be calculated using the internal counter of the microprocessor. The time delay of the speed measurement at low speed is shown in Table I . B. Mathematical expression of the speed control loop of motor drives The open-loop transfer function of the speed control loop in the s-domain is shown in (1) .
where, τ c is the bandwidth of the current controller and K T is the torque constant. where, T is the sampling time of the speed controller.
Using the M/T method at low speed, the sampling period of the speed controller is varied according to the motor speed.
The PID controller can be expressed in the s-domain as shown in (4) and in the z-domain as shown in (5).
The transfer function of the open loop control system is expressed as (6) .
After finding the transfer function, the location of the closed loop pole has to be determined. The closed loop pole in the s-domain is expressed as (7).
where, ξ is the damping ratio, ω n is the natural frequency and ω d is the damping frequency of oscillation.
In the z-domain, (7) is transformed as (8).
Therefore, the location of the closed loop pole in the zdomain can be expressed as shown in (9).
For determining ω d /ω s , the natural frequency ω n has to be found. The natural frequency ω n is selected to be 0.923[rad/sec] in this paper, because the PID gains are too large to control the servo motor if ω n is larger than 0.923. The bandwidth of the speed controller can be derived as the following.
The closed loop transfer function of the speed controller is shown in (10).
By simplifying (10) as a second order transfer function, it can be expressed as (11).
Therefore, the amplitude of (11) at ω BW is expressed as shown in (12).
where, ω BW is the bandwidth of the speed controller. Therefore, the bandwidth of the speed controller can be calculated as (13),
and using the relation of (14),
The relationship between the value of the bandwidth and the damping ratio can be expressed as (15).
If the sampling time is constant, the bandwidth of the speed controller decreases when the damping ratio grows as shown in Fig. 3 . Therefore, if the motor is controlled at low speed, the bandwidth of the speed controller decreases and the damping ratio should be increased. The bandwidth of the speed controller is determined by injecting a sinusoidal speed reference and increasing its frequency. When the phase of the speed response of the PMSM is delayed -45 degree, that point of frequency is the bandwidth of the speed controller. From (9) and (15), the location of the closed loop pole and the damping ratio can be determined as shown in Table II . For determining the PID gains of a speed controller with a closed loop pole, two conditions should be considered. First, the phase of the closed loop pole should be -180 degrees.
From Fig. 4 , the shortage angle from the view point of the plant and PID controller can be determined as (16).
This value should be compensated by two zeros of the PID controller. The shortage angle which should be compensated by each zero is −74.195
• ÷2 = −37.097
• . The location of the zero of the PID controller can be determined to 0.9981 and the numerator of the transfer function of the PID controller is expressed as (17). 
Second, by applying the magnitude condition that the magnitude of the closed loop pole has to be 1, the following polynomial is obtained.
The PID gains are determined from (18), (19) and (20) as shown in Table III . The flow of the proposed algorithm is shown in Fig. 5 .
III. EXPERIMENTAL RESULTS
The microprocessor of the servo drive system for the experiments is a TMS320VC33 (Texas Instruments) and the configuration of the servo system is shown in Fig. 6 and 7 . Fig. 8 shows the overall block diagram of the servo drive system. The experiments are performed at low speed. The characteristics of the speed response and the disturbance response in the low speed range are shown in Fig. 9 , 10, 11, and 12. Fig. 9 and 10 show the speed response in the low speed range. Fig. 9 shows the speed response at a constant PID gains. If the speed reference is changed from 4[rpm] to 7[rpm] and the PID gains are constant, the waveform of its speed response contains ripple. On the other hand, as shown in Fig. 10 , the speed response is improved and the speed ripple is reduced by compensating the bandwidth variation of the speed controller in the low speed region. Fig. 11 shows the waveform of the disturbance response without compensation and Fig. 12 shows the disturbance response with the proposed algorithm in the low speed range. The servo motor is operating at 5[rpm] and the external IV. CONCLUSIONS his paper suggests a novel PID tuning method considering the variation of the bandwidth of a speed controller in the low The proposed algorithm can be easily implemented and requires less computation time. 
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